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A unitary and renormalizable model for massive Yang-Mills fields 

without Higgs fields 

Kei-Ichi Kondo 1 

1 Department of Physics, Graduate School of Science, Chiba University, Chiba 263-8522, Japan 

We propose a massive Yang-Mills model blessed with both physical unitarity and renormalizability 
without Higgs particles. This is achieved by a novel nonlinear but local transformation from the 
original fields in the Curci-Ferrari model to the massive vector field with the spin one, which has 
the correct physical degrees of freedom and invariant under an extended BRST transformation. 
We clarify the reason for failures of the preceding attempts and check the physical unitarity in 
perturbation theory. 
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Currently, the Higgs mechanism [1] is widely accepted 
as a unique way for providing the masses for gauge 
bosons in quantum field theories, because it is the only 
one established method which enables one to maintain 
both renormalizability and unitarity (H in massive non- 
Abelian gauge field theories 0. Indeed, the Higgs par- 
ticle becomes an indispensable ingredient in the unified 
model of electro-weak interactions, although it has not 
yet been detected, but it is to be discovered in the near 
future. 

There are continued attempts to construct an alter- 
native massive non-Abelian gauge model [34l3|. Such a 
model is anxious to understand mass gap and confine- 
ment caused by the strong interactions in QCD without 
the Higgs field [HI, , apart from the shortcomings in 
the Higgs approach, e.g., the indeterminate masses and 
couplings of the Higgs particles themselves. However, 
all these efforts were unsuccessful in coping with both 
renormalizability and unitarity very well, see fl2l Il3j for 
reviews. 

The aim of this paper is to provide a massive Yang- 
Mills model blessed with both unitarity and renormal- 
izability without the Higgs fields, which is written in 
polynomials of the fields (we exclude the nonpolynomial 
type [ll| from our discussions). In fact, we start from 
the Curci-Ferrari (CF) model [7j, which is a massive ex- 
tension of the massless Yang-Mills theory in the most 
general renormalizable gaug e having both the BRST and 
anti-BRST symmetries [16j . In preceding studies for the 
CF model [7H10j. the CF model is proved to be renor- 
malizable, whereas the CF model has been concluded to 
be nonunitary [§l-flo| when restricted to the physical sub- 
space specified by the Kugo-Ojima (KO) subsidiary con- 
dition [17[. In contrast to these results, we show that the 
CF model fulfills the physical unitarity, if the massive 
vector field is correctly identified. This is achieved by 
constructing a nonlinear but local transformation from 
the original fields to the physical massive vector field Jff^ 
which is invariant under the modified (anti)BRST trans- 
formation. We clarify the reason for failures of the pre- 
ceding attempts from this viewpoint. We demonstrate 
that the CF model rewritten in terms of the correct mas- 
sive vector field satisfies the physical unitarity in a non- 



trivial lowest order of perturbation theory. 

We consider the CF model with the total Lagrangian 
density written in terms of the Yang-Mills field st^, the 
Faddeev-Popov (FP) ghost field "if, antighost field and 
the Nakanishi-Lautrup (NL) field JV: 



£tot n 
mYM — *-YM 



GF+FP 



C 



gf+fp = ^ ■ + -jr+jy-jr) 

C m = ^M 2 ^ • stf* + (3M 2 itf ■ ft, 



(1) 



where (3 is a gauge-fixing parameter and JV :— —JV + 
g¥£ x . It is checked that £ym + £gf+fp is invariant 
under both the usual BRST and anti-BRST transforma- 
tions. This is not the case for the mass term £ m . Even 
in the presence of the mass term C m , the £^ Y m can be 
made invariant by modifying the BRST transformation 
3\- <5br.st = A<5 with a Grassmannian number A and 



'S^{x) = D v \sP{€(x) 
5tf(x) = -*¥(x) x ¥(x) 
8 ( £{x) = ijf{x) 
8jY{x) = M 2 ¥{x) 



(2) 



The 



where D t \sf\ c €{x) := d^{x) - ig[^{x),¥{x)]. 
modified BRST transformation reduces to the usual one 
in the limit M — > 0. This is also the case for the modified 
anti-BRST transformation 8 constructed similarly: 



5^{x) = D^tfix) 
M(x) = -§ff(s) x V(x) 
8tf(x) = i,yV{x) 
8j?(x) = -M 2c £(x) 



(3) 



We define the new vector field written in terms of 



and JV: 



gM~ 



d^JK - gM- 2 ^ x JV 
2 d^ x i<i + g 2 Nr 2 {ss/ l _ l x 



x Vtf. (4) 
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In the Abelian limit, indeed, the field J(f reduces to the 
Proca field U^, i.e., -> := st^ - M^d^jV . In 
what follows, we show that the field is identified with 
the non- Abelian version of the physical massive vector 
field with spin one, as assured by the properties: 

(a) jfc is invariant under the modified BRST transfor- 
mation (off shell): 

6,^(x)=0, (5) 

(b) J(T is divergenceless (on shell): 

d^(x) = 0. (6) 

The BRST invariance (a) is easily checked by using a 
more compact form: 

= + M'HSS^. (7) 

Here it should be remarked that the modified (anti)BRST 
transformation is not nilpotent when M ^ 0: 

'88^{x) = 
88¥(x) = 
' 88<£{x) = iM 2c €(x) ' 1 ' 

88jV{x) = -M 2 ^{x) x tf(x) 

The divergenceless (b) is checked by using the field equa- 
tion for stf^: 

D"[^},^-d^yr + gid^xtf + M 2 ^+gJ^=0 : (9) 

where := g~ 1 dJ?? ma uer/dgf t * A . This can be cast into 
the Abelian-like form: 

d v & Vii + MS**? + M 2 ^ + = 0, (10) 

thanks to introducing the color current J" ^ which is 
the conserved Noether current — associated 

with the color symmetry: $ p, = ^ v x + ^ x 
jY + idyfi x - i<£ x D^sfft + J» with J A = 
-id^ ma ,ttcY/d(d^^ a ){TA^)a- In fact, the total La- 
grangian is invariant under color rotation, i.e., the global 
gauge transformation for $ = si ', ff, jV: 

6${x) := [e c iQ c , = e x $(x), (11) 

with the conserved Noether charge Q c := J d 3 x j!§ as 
the generator of the color rotation. 

The original CF Lagrangian C % ^\ u [^, <£, <£, jY\ is 
written in terms of stf^,^,^ and jV . The new theory 
is specified by £^' YM [J^ 1 , ^, ^] written in terms of 
J^, % c € and ._/f with the symmetry: 

fsje-^x) = o 
«f(aO = X V(x) 

8 c €(x) = UT(x) K ' 

8Jf{x) = M 2c €{x) 



Using the conserved Noether charge associated with 
the symmetry (fT2|) . the physical state V p h ys is speci- 
fied by the same form as the KO subsidiary condition 
[13 QBRST|phys) = and/or QBRST|phys) = 0. Then 
the one-particle state = J^|0) is a physical state, 

e Vphy S , since QbrstI^) = [Qbrst, J^] |0) = 

-i6Jtr M \o) = o. 

It was claimed in [9j that the positive semidefiniteness 
of the physical subspace defined by this subsidiary con- 
dition is violated in the massive non- Abelian gauge the- 
ories such as the CF model, as a consequence of which 
the physical S'-matrix unitarity is invalidated. There a 
counter example was given in a quite simple and non- 
perturbative way, a state $ satisfying the KO subsidiary 
condition has the negative norm. The argument is based 
on the asymptotic fields of the Heisenberg fields and the 
asymptotic (anti)BRST transformation which is linear 
in the asymptotic fields. We do not use the asymptotic 
fields at all, since the existence of the asymptotic fields in 
QCD is problematic. Therefore, the state $ given in @ 
does not satisfy the KO subsidiary condition imposed by 
the BRST charge constructed from the Heisenberg fields, 
and it does not play the role of the counter example. 

The violation of nilpotency of the modified (anti)BRST 
transformation is not the origin of nonunitarity against 
the preceding claims. Rather, violation of nilpotency is 
necessary for the massive vector th eory to be unitary. 
Otherwise, the quartet mechanism [17] works to elim- 
inate both the scalar and longitudinal modes together 
with the ghost and antighost from the physical spectrum 
and there remain only two transverse modes as in the 
massless case, which is not anticipated in the massive 
case. In the massive case, only the scalar mode must be 
eliminated together with the ghost and anighost modes, 
leaving three physical massive modes, which is possible 
only when the nilpotency is violated. This is suggested 
from the relation: 

S8Stf(x) = i88^(x) = iM 2 8tf{x) ^ 0. (13) 

Note that and JV have the same mass \fft~M and 

decouple in the (unitary gauge) limit ft — > oo and only 
J^t remain as the massive spin 1 particle in the spectrum. 

Moreover, this massive model has a smooth massless 
limit solving the mismatch in physical degrees of freedom 
between the massless vector (2) and massive vector (3) 
cases. This issue already exists in the Abelian case and 
was solved by Nakanishi [l8j]. Our model is regarded as 
a non-Abelian extension of the Nakanishi model. When 
M 7^ 0, J^|0) gives three independent physical states 
with positive norm, and JV\Q) becomes the unphysical 
state with negative norm. When M = 0, the scalar mode 
JV\§) is a physical state, but it is unobservable due to 
the zero norm, while the longitudinal mode is unphysical. 
Thus, the fact that observable independent degrees of 
freedom are 3 for M ^ and 2 for M = is expressed 
by keeping the continuity with respect to M. 

The eq.((3]) gives a transformation from ^, < ^ 3 , ^ and 
JV to J£^. In order to obtain the new theory explicitly, 
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we need the inverse transformation of eq.Q. But the 
inverse transformation can not be given in a closed form, 
since (j4]) is a nonlinear transformation. To perform the 
perturbative calculation, however, it is sufficient to know 
the order by order expression of the inverse transforma- 
tion, which is obtained by the iterative procedure: 



X Jf 



- gM~ 2 d^ x i<£ - g 2 M~ 2 (si fi x c g)x i% 
=^u + M-' 2 d^.jV - gM^itf x drff 
+ gM- 2 ^ x,yV + gM-^d^jV x ,yV + 0(g 2 ). 



(14) 



The propagator for is obtained from the order g° 
terms, as in the Abelian case, and hence the propaga- 
tor is not modified from the Proca case. However, the 
vertex functions among J^, ^, ^ and JV are modified 
from those of si^^tf^ and JV in the original theory. 
This fact has been overlooked in all the preceding stud- 
ies. The failure of the physical unitarity reported in the 
preceding works pl-flo| is based on the observation that 
the vertices in the massive case are the same as the mass- 
less case. However, this observation is correct only if the 
relationship between the original field sia to the massive 
field is linear as in the Abelian case. This is not the 
case in the non- Abelian case, as our construction of the 
massive field J^j clearly shows. The vertices in the mas- 
sive theory is modified in terms of the vector field in 
addition to the FP ghost, antighost and the NL field, so 
that the physical unitarity holds even in the massive the- 
ory. This is the main reason why the physical unitarity 
was seemed to be violated so far. 

The original Lagrangian ([1} is rewritten order by order 
of the coupling constant g into 

■^mYM =-2b + + 0(g 2 ), 

~ d v ^) 2 + \m 2 ^ ■ Jt» 



id»<£ ■ + pM 2 i^ ■ <€, 
2 



9 njr-4 



+ |M- 4 (a M X - d v ^) ■ (d»Jf x &>Jf) 

- gM-*jr„ ■ (jV x fpjf) 

+ |jlf- 2 (fl M X - dvJQ ■ (id*? x ff"V 

- id vc £ x d p tf) 
+ g,^ ■ {id^i xtf~itfx d pc €) 

- gM~ 2 d^ ■ (id pc € x <«f ) - gpjf ■ (Vi x 



(15) 



Then the Feynman rules for the new fields are given up 
to 0(g) according to the standard method. 



(a) massive vector propagator (.$f A (— k)J(f B (k)) 



-1 



k 2 - M 2 + 



9^ 



Sab, (16) 



(b) FP ghost propagator ( c £ A (-k) c <g B (fc)) 

Sab, 



k 2 - PM 2 + ie 



(c) NL field propagator (jT A (-k)jV B (k)) 
—M 2 



k 2 - pM 2 + ie 



Sab, 



(d) .jfjfr.jr vertex (X A (fa)X B '(k 2 )JT p c '(k 3 )) 



igfABcV^ V p(ki, fa, fa 



(17) 



(18) 



(19) 



where 



V fivp (kx,k2,k a ) :=(ki - fa) p g pv + (fa - k 3 )^g vp 

+ (fa - fci)*0 w , (20) 

(e) JgW vertex ( c i A (k 1 ) c € B (k 2 )X p c (fa)) 
igfABc[M- 2 (k p 1 k 2 ■ fa - k p fa ■ fa) + fcf - k p ], (21) 

(f) XJ/Jf vertex (Jf A (fa),Jf B (k 2 )X p c (fa)) 
igM- 2 f ABC [M- 2 (k p k 2 ■ fa - k P fa ■ fa) +k p - k p ], (22) 

(g) vertex (^ A (fa)^ B (k 2 ),jV c (fa)) 

igfABcW^fa-fa- p]. (23) 

These rules should be compared with those for the orig- 
inal fields. 

(a) vector propagator (s/ A (—k)s/ B (k)) 



k 2 - M 2 + ie 



kn.k 



9n» 



k 2 + ie 



OAB 



~P k p k v 

-OAB, 



k 2 - PM 2 +ie k 2 + ie 

(b) FP ghost propagator ( c g A (-k)^ B (k)) = (17]) 

(c) NL field propagator (jY A (-k)Jf B (k)) = JT 
(c') the cross propagator (si A (—k),jV B (k)) 



(24) 



i k n 



k 2 - PM 2 + ie 



Sab, 



(25) 



(d) si si si vertex (s/ A (k 1 )s/ B (k 2 )s/ p c (fa)) = $5 

(e) vertex ( c € A (k 1 ) c € B (k 2 )si p c (fa)) 

igfABcK- 



(26) 
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FIG. 1: Diagrams for checking the physical unitarity, (a) 
original gluon, (b) ghost and antighost, (c) NL field, (P) phys- 
ical gluon 

We proceed to demonstrate the physical unitarity for 
the simplest one loop case of Fig. 1 examined in [4(. We 
chose ft — 1 for simplicity. The imaginary part of the 
diagram (a) is given from (|24l) and (TK)f by 

( a ) = 7;igfABcV t ii>p(ki,k2,k 3 )igf ABC ,V^„ /p <(k 1 ,k 2 ,k 3 ) 

Xn5(k 2 - M 2 )g^\h(k\ - M 2 )g^' e u)p (k 3 )e {k)p ' (-k 3 ), 

(27) 

where eW(fc) (j — 1, 2, 3) denotes one of the three polar- 
ization vector of the massive vector field. The physical 
unitary requires the imaginary part of the second order 
diagram to be equal to the physical part (a) p which is 
obtained from (a) by the replacement: 

gW / ^ m_ = _^ e o> (fci)e ov (A;i)j 

gVV > ^ gVV > = _j2e^(k 2 )e^'(k 2 ). (28) 



The difference (a) — (a) p between (a) and (a) p must be 
cancelled by the imaginary parts of the other diagrams 
in the second order, coming from unphysical fields, i.e., 
ghost, antighost and NL field. First we consider the 
imaginary part of the diagram (b) with a closed loop 
of the FP ghost and antighost. By using the Feynman 
rules given above, and noting that k\ = k\ = k 2 and 
fci M e (j >(fci) = k 2 ^ p (k 2 ) = k 3 ^ p (k 3 ) = 0, we find 
that the ghost contribution is precisely of the same form 
as the difference (a) — (a) p and comes with the oppo- 
site sign. Consequently, the difference (a) — (a) p cancels 
against half the ghost contribution: (a) — (a) p — — ^(b), 
as found in [4| and emphasized in [T2j. Hence, the ghost 
loop gives the excessive contribution ^(b) violating the 
physical unitarity: (a) + (b) = (a) p + \ (b) ^ (a) p . 

This situation is remedied by including the imaginary 
part of the diagram (c) with a closed loop of the NL field. 
By taking into account the fact that the vertex (e) J^T^V 
is the same as the vertex (f) ' JV 'JV up to the factor 
AI 2 , it is easy to find the relation (c) = — ^(6), which 
leads to (b) + (c) = \(b). Hence, the cancellation occurs, 
[(a) - (a) p \ + [(b) + (c)] = -1(b) + 1(b) = 0. Thus we 
have shown the physical unitarity, (a) + (b) + (c) = (a) p . 
The 1/2 factor is essential for unitarity in the massive 
vector theory. In the proposed model, the NL field plays 
the same role as the Stiickelberg field which cancels half 
the ghost contribution to ensure physical unitarity. 

The proposed model opens a path of resolving the long- 
standing problem of reconciling physical unitarity with 
renormalizability without Higgs fields, and it can be use- 
ful as a regularizations scheme for infrared divergences in 
non-Abelian gauge theories. 
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